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Abstract. In this paper we study the s-dimensional Riesz trans- 
form of a finite measure /i in R'', with s E (rf— 1, d). We show that 
the boundedness of the Riesz transform of /x yields a weak type 
estimate for the Wolff potential W$,,(/i)(a;) = *(^^^^^!^) f , 
where 4>(t) = e"^/*'' with /3 > depending on s and d. In particu- 
lar, this weak type estimate implies that Wa.,s {n) is finite /x-almost 
everywhere. 

As an application, we obtain an upper bound for the Calderon- 
Zygmund capacity 7^ in terms of the non-linear capacity associated 
to the gauge It appears to be the first result of this type for 
s > 1. 



1. Introduction 

For an integer d > 2, let s e (0? — 1,0?). Define the s-dimensional 
Riesz transform of a finite nonnegative Borel measure /x by 

\y -^l 

For any finite measure 11, the integral defining i?(/x) converges almost 
everywhere with respect to the Lebesgue measure in R*^. The aim 
of this paper is to show that the boundedness of the Riesz transform 
of a measure // implies the /x-almost everywhere finiteness of the Wolff 
potential associated to an exponential gauge. More precisely, we obtain 
a (very) weak type estimate for such a potential. 

Define the measure JC on (0,oo) by jC{E) = ior E C (0,oo). 

For each x e R'' and A e (0, 00), we denote 

E(.,A) = {re(0,oo):M^>A}. 
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Here B{x,r) is the open ball of radius r, centred at x. Let || ■ ||loo be 
the essential supremum norm with respect to the Lebesgue measure in 
R'^. Our main result is the following theorem. 

Theorem 1.1. Suppose that \\R{fi)\\Loc < 1. There exist positive con- 
stants C and a, depending on s and d, such that 

(1.1) ^^{{x G R'^ : £(i?(x, A)) > r})< 

for all < A < oo and e < T < oo. 

A consequence of Theorem |1.1| is that the condition ||i?(/i)||ioo < 1 
implies that 

(1.2) / $ ^ ' " ) — < cx) for /i-almost every x G R"^, 



where $(/!:) = e"^/*" with any /3 > 1/a. The estimate (1.2) is strong 
enough to deduce that the Calderon-Zygmund capacity associated to 
the s-dimensional Riesz transform is dominated by the non-linear ca- 
pacity associated to $, as we will see in Section [7] below. 

The almost everywhere finiteness of an exponential potential is sub- 
stantially weaker than the well-known conjecture (see |ENVlt ITolj ) . 
which states that for any finite measure /i, 

(1.3) ||i?(/.)|U.<l ^ / r (^^^^^^y^d^^ix)<oo. 



In |MPV] ■ Mateu, Prat, and Verdera proved (1.3) in the range < s < 
1 by using curvature methods, but it is not known whether this result 
should continue to hold if s > 1 and s ^ N. Any such bound (even 
Theorem |1. 1| above) is false in the case of integer s. In the special case 
of measures supported on Cantor sets with certain additional geometric 



properties, the conjecture (1.3) has been proven for all s, see |Tolt lEVj . 

For a general measure /i, the result here appears to be the first to 
show that a positive potential of any type can be controlled by the 
Riesz transform with s outside the curvature range. It can be viewed 
as a quantitative version of the recent theorem of Eiderman, Nazarov 
and Volberg |EN V2j . Recall that a measure /i is called totally lower 
irregular if 

(1.4) liminf ^ = 0, for u-almost every x G R*^. 

In |EN V2] . the nonexistence is proved of a finite totally lower irreg- 
ular measure /i, supported on a set of finite s-dimensional Hausdorff 
measure, such that /x has a bounded Riesz transform. 
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A careful inspection of the proof in |ENV2] reveals the primary qual- 
itative step in the argument to be precisely the use of the condition 



(1.4), which is used in a Cantor construction in order to obtain 'al- 
most orthogonality' of partial Riesz transforms associated to different 
Cantor levels. 



In order to find a quantitative substitute for (1.4), we revisit a very 
nice theorem of Vihtila. In |Vihj . the nonexistence is proved of a non- 
trivial measure /x with bounded Riesz transform, which has positive 
lower density, that is 



(1.5) 



liminf ^ > 0, for /i- almost every x G R'* 

r— s>0 



The result in |Vihj is proved for all s G (0,(i), s ^ N. In this paper 
we restrict our attention to s G (ci — l,(i). This restriction is perhaps 
not so important for getting a quantitative version of Vihtila's theo- 
rem. However, in another part of the argument we will make use of a 
certain maximum principle for the Riesz transform with s > d—1 (see 



Proposition 6.8), and we do not know if some analogue of this result is 
available for s < d — 1. 

The general idea of our paper is to use multi-scale analysis to show 
that the Riesz transform of a measure /i is large provided /i possesses 
many scales of significant density. We will then marry this with the 
fractal construction in |EN V2j . It was somewhat surprising that this 
process should estimate a positive potential, even one as weak as in 



(Q. 

The result of [Vih] leans heavily on the theory of tangent measures. 
By their definition as weak limits, tangent measures carry little quan- 
titative information. Therefore our first task is to derive a quantita- 
tive version of Vihtila's argument. Since tangent measures have found 
several applications in the field of geometric measure theory (see for 
example |Mat2llMP] ). this may be of interest to specialists. 

We remark that multi-scale methods are somewhat notorious for 



giving exponential (or logarithmic) dependence as in (1.1), even in 
those cases when the true dependence should be a power one; cf. |Taoj 
and |NP V ] . The bound here is therefore no indication the conjectured 



estimate (1.3) is false. On the contrary, it may be viewed as further 



evidence to support the validity of (1.3). We also do not rule out 



that the methods here could be improved to yield a power bound in 



the scale counting parameter T in (1.1). In order to obtain such an 
improvement, the bounds of Proposition 3J_ below would have to be 
significantly strengthened. 
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1.1. The plan of the paper. After a discussion of the preliminaries 
in Section [2} the paper splits into two almost independent parts. In the 
first part (Section [s]), we develop the quantitative version of Vihtila's 



theorem. That is formulated in Proposition below. This proposition 
is the only thing used in the second part, which is devoted to proving 
Theorem II. 1[ 

Assuming C{E{x, A)) is large on a noticeable set, we construct a 
certain Cantor type set. This is carried out in Section |4} Section |5] 
begins with three estimates, from which we derive a contradiction 
and hence prove Theorem lA The remainder of Section |5} together 



with Section |6] are devoted to proving these three estimates. In Section 
[7], we conclude the paper with a brief discussion of the relationship 
between the Calderon-Zygmund capacity and the non-linear Wolff ca- 
pacity associated to an exponential gauge. 

1.2. Acknowledgement. We are very thankful to Vladimir Eiderman 
for initiating this project, and for the many insightful remarks he has 
made which have helped shape the proof. Should the reader have a 
positive opinion of this paper, they should certainly view Professor 
Eiderman as a co-author (despite his insistence to the contrary). 

2. Preliminaries 

2.1. Notation. In what follows C, c, or Cj, cj (for j G N) are respec- 
tively large and small positive constants depending on s and d. We 
enumerate them so that the constant with index j can be chosen in 
terms of constants with lower indices (for example Cge can depend on 
C95 and C4). Within a specific argument, if a constant C or c does not 
have an index, then it may depend on all numbered constants chosen 
up to that moment, and can change from line to line. At the very least, 
every large constant is greater than 1, and every small constant is less 
than 1. 

Throughout the paper, will denote the d-dimensional Lebesgue 
measure. Given a function /, either scalar or vector valued, ||/||2,oo 
will always stand for the essential supremum norm of / with respect 
to TJid. The quantity osc£;(/) = sup{|/(x) — f{y)\ : x,y E E} will be 
called the oscillation of / over the set E C R'^. 

We adopt the standard notation that B{x, r) is an open ball of radius 
r, centred at x. The e neighbourhood of a set E shall refer to the open 
neighbourhood {y G R'^ : |?/ — a;| < £ for some x G E}. We denote the 
closure of E by E. 

We denote by N the set of natural numbers {1,2,3,4,...}, and by 
Z_|_ the set of nonnegative integers N U {0}. 
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2.2. Growth conditions and L'^{fi) boundedness. In this section 
we will mention the key facts concerning the s-dimensional Riesz trans- 
form that will be used in what follows. First of all, we will make regu- 
lar use of the following necessary condition for the boundedness of the 
Riesz transform. 

Lemma 2.1. Suppose \\R{h)\\loc < 1. There is a constant Ci such 
that, for any hall B{x,r) C R*^, one has 

(2.1) i^{B{x,r)) <Cir'. 



Lemma 2.1 can be proved by elementary Fourier analysis, see |MPVt 
IENV2j . The next result we will require is a suitable version of Cotlar's 
lemma. Define the maximal Riesz transform -R*(/u) by 

B-.xdB iRd\2B \y-A^ 

where the supremum is taken over all balls B such that x E B. Here 
(and elsewhere) 2B is the concentric double of B. The following lemma 
can be proved by mimicking the simple argument of Lemma 3 in |Vihj . 

Lemma 2.2. Suppose that \\R{^)\\l°° < 1- There is a constant C2 
such that 

\R*{l^){x)\ < C2, for all X e R'^. 



Lemmas 12.11 and 12.21 ensure that the s-dimensional maximal Riesz 
transform together with the measure fi satisfy the hypotheses of the 
T(l)-theorem of |NTV2j . which is the next result we will state. 

Theorem 2.3 (T(l)-Theorem). Suppose \\R{fi)\\Loo < 1. There is a 
constant C3 such that 

(2.2) [ \R*{f^)\^d^<C, f \f\^d^,forallfeL\^i). 



Theorem 2.3 is a special case of the T(6)-theorem in |NTV2] . For 



our purposes Lemma |2.1| and Theorem |2.3| are especially useful since 
they are hereditary in the measure /i - if we restrict the measure to any 
subset, then the conditions continue to hold with the same constants. 
This will allow us great flexibility when constructing the Cantor set. 
This hereditary property is not true in general for the L°° bound. 



We will also need an analogue of (2.2 ) for the adjoint Riesz transform 



which is defined for a vector valued Borel measure u by 



\y -^1 
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The maximal adjoint Riesz transform is then given by 

{R*)*iu)ix)= sup / du{y) 



B-.xeB 



Rd\2_B \y 



X 



Let / = (/i, . . . , /d) be a vector field in L^{fi). For any ball B and 
X E B, note that 

Jn.<i\2B\y ^\ ' j^-^un.<i\2B \y ^\ 

Therefore, we have [(-R*)*(//i)]^ < c?X]j=i[-^*(/j7^)]^5 ^-^^ Theorem 



2.3 yields 



(2.3) / \{R*)*{ffi)\'dfi<Csd [ 

2.3. The action on the Fourier side. We conclude the preliminaries 
by recapping how the s-dimensional Riesz transform acts on the Fourier 
side. All these properties can be easily derived using Fourier analysis, 
see for example |SWj . First note that there exists a constant b = 
b{s, d) G R\{0} such that, for any / in the Schwartz class and ^ G R*^, 

Let if G (7^(5(0, 2)) be a nonnegative radial bump function, such that 
> 1 on 5(0, 1), <^ < 2'^, I V(/?| < 2 ■ 2^^ on 5(0, 2), and /^^^ 2) 'P'^^d = 
md(S(0,2)). 

Define the vector field ip = -j^J^~^iC\C\'^~^~'^^{0)- Then ip satisfies 
the decay estimate 

(2.5) l*(.)l < 

see for example [SWj , Chapter 4. Combining the definition of ip with 



(2.4) R^fm,m=ib-^J{0. 



(2.4), we formally obtain 

(2.6) R*iiPmd)=ip, 

and this is justified since ^ -^^(R-*^)) see (2.5). 

3. A QUANTITATIVE VARIANT OF VIHTILA'S THEOREM 

This section is devoted to a suitable version of Vihtila's theorem. 
It is at this point where the logarithmic dependence on T arises in 
Theorem II. 1[ 

First of all, we need to introduce a device to measure the number of 
scales at which the density of a measure /x exceeds a given threshold. 
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For this purpose, introduce a density parameter 6 G (0, 1). Then for a 
ball -Bo = B{xo,ro) and g G N, define the set E'^{Bo) by 

ERBo) = [xe -Bo : > 6 for all re 

Note that the set E'^{Bq) is open. To see this, let {xj)j be a se- 
quence in R'^\£'|(i?o) that converges to some x G R*^. For each 
j, we have fi{B{xj,rj)) < for some rj G [|^,^]- By passing 
to a subsequence if necessary, we may assume that rj — r, with 
r G [^,^]- As a result, liminf r,) D B{x,r), and therefore 

fi{B{x,r)) < liminf fi{B{xj,rj)) < 6r^. Hence x ^ Eg{Bo). 

The quantitative version of Vihtila's theorem should read that, pro- 
vided the Riesz transform is bounded, the measure of the exceptional 
set EI{Bq) should decrease with g at a specific rate. 



Proposition 3.1. Suppose \\R{^)\\Loa < 1. Then there exist positive 
constants Ciq and (5, depending on s and d, such that 

1 /Ci 



(3.1) Mi^K5o))<^exp(^)/.(5o) 



The proof below yields the value (3 = fz^^- The rest of this section 



is devoted to the proof of Proposition |3.1[ and hence we will suppose 
that the condition ||_R(/i)||Loo < 1 is in force. Assume that E'^{Bo) ^ 0, 
since otherwise there is nothing to prove. We will often suppress the 
dependence on q and 5 in E^^Bq) and write E{Bq). 

3.1. An alternative. Fix a small positive number A = X{6,d,s) < 6 
to be chosen later. We begin with a simple auxiliary lemma. 

Lemma 3.2. There exists a constant Cq, such that for any ball B{x,t) 
with fi{B{x,t)) > Xf^ , we have 

(3.2) M5(a;,t(l-C6A^))) > 

Proof. For < 9 < 1/2, the annulus B{x,t)\B{x, (1 - 9)t) can be 
covered with CO^^'^^^^ balls of radius 9t. It follows from the growth 



condition (2.1) that 

n{B{x,t)\B{x, (1 - e)t)) < ce^-^ ■ Ciiety = cCie'+^-H'. 

Consequently, /i(5(x, (1 - e)t)) > \t'/2, provided CCie'+^-'^ < A/2. 
This is satisfied with 9 = CqX^+^ as long as Cq < {2CCi)^^+^ . □ 
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Before the alternative is stated, let us identify our enemy: mediocre 
balls. These are stray balls of significant measure which are located 
away from Eg{Bo). 

Definition 3.3. A ball B{x,r) C Bq is called mediocre if 
B{x, r) n EI{Bq) = 0, and n{B{x, r)) > Xr'. 
Fix an integer n, n > 2, satisfying 

(3.3) 2-"<C6A^. 

The alternative below states that in order for the set E'^{Bq) not to 
have small measure, there must exist a ball B G Bq oi radius ri > 
2"~'^ro that does not contain a mediocre ball of radius 2~"ri. 

Lemma 3.4. There exists a constant > 1 such that one of the 
following two statements holds. Either 
(i) The measure of E{Bq) is small, i.e., 

(3.4) KE{Bo)) < ^y^/i(i?o), 

qX 

or 

(a) There exists a ball B G Bq of radius ri > 2"'~'^ro, centred at 
a point of E{Bq), such that B does not contain any mediocre balls of 
radius 2~"'ri. 

Proof. Statement (i) in the alternative of the lemma is trivially true 
unless q > 2*"n/A, so we will assume this condition on q is in force. 

Suppose (ii) does not hold. We will iteratively find many disjoint 
portions of Bq whose measures are comparable to n{E{Bo)). To present 
the main step, fix r G [ro2'^~'', ro/4]. Using an r-net in £'(i?o)Q, we find 
a finite collection Bj = B{zj, r) of balls with a covering number of at 
most C7, such that E{Bq) C ^jBj and zj G E{Bq) for all j. 

By the assumption, within each ball Bj there is a mediocre ball 
Dj C Bj of radius 2~"r. From condition (3.3) and Lemma 3.2, it 



follows that the contracted ball Dj = (1 — 2 ^)Dj satisfies 

l,{Dj) > ^(2-V)^ 

The virtue of the collection of balls Dj is that they are well sepa- 
rated from E{Bq). Indeed, since Dj fl E{Bq) = 0, we have that 



^Pick zi e E{Bo), and let Bi = B{zi,r). Given Bi, . . . , Bk, choose Zk+i € 
E{Bo)\iij^i Bj and let Bk+i = B{zk+i,r). Repeat this process until the bounded 
set E{Bq) is covered by the balls Bj. 
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J/' 



dist{Dj,E{Bo)) > T-^^r for all j. Now, note that 

^ (U B.) a ^ E "(5, ) > E >- E MB. 

3 j j 3 

where in the last inequality the growth estimate for /x has been used. 
Since E{Bq) C Uji?j, we achieve the estimate 

(3-5) /^(UA)>^;^^Mi5;(fio)). 



3 



For the iteration, employ the above argument with r = 2 "^^^ ^tq for 
< A; < [(g — 2n)/2nJ. This yields collections of balls D^, disjoint from 



E{Bq) and satisfying (3.5) for each k. Furthermore, the collections 
{D^}j do not overlap: 



[U5?]n[U5j 



for k < 



To see this, note that for any j, the ball Dj is contained in a ball of 
radius 2~^^"~^ro centred at a point of E{Bo); and for each i, we have 
dist{D^,E{Bo)) > 2^^'^'^'^^)"^^ro by the separation property. There are 
\_q/2n\ non-overlapping collections {Dj}j, each contained in Bq and 
disjoint from E{Bq). Hence 

We conclude that part (i) of the alternative holds. □ 

The aim is now to show that the second part of the alternative is in- 
compatible with the condition ||i?(/i)||ioo < 1. Once this is established. 
Proposition |3.1 will follow without difficulty. Let us henceforth assume 



that part (ii) of the alternative in Lemma 3.4 holds. To assert that 
this assumption results in the blow up of the Riesz transform, we start 
with finding a large ball of small measure whose boundary intersects 

It will be convenient to denote r = 2~"ri, where ri is the radius of 



the ball B from part (ii) of the alternative in Lemma 3.4 



Lemma 3.5. There exists a positive constant cg such that if n satisfies 
c^(^2'^id'-s)^y/d ^ ^^g^ there exists a ball D d \B with the following 
properties: 

(i) D has radius R = cg{2''^'^-'Uy/'^r, 

(ii) D n E{Bq) = 0, and 

(Hi) there exists z G E{Bq) fl dD. 
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Proof. The existence of the ball follows from the pigeonhole principle. 
Indeed, for a constant a G (0, |] to be chosen momentarily, consider a 
disjoint packing of balls Dj with radius a{2'^^'^~^^SY^^r into the ball ^B, 
such that dist(A, Dj) > 2a(2"('^-")5)i/'^r for all i ^ j. One can pack at 
least ^ such balls into ^B. (Note that a(2"('^-"M)i/°'r < i2"r = ri/2.) 

Let Dj be the r neighbourhood of Dj. Assume that a(2"'^°'~*^5)^/'^> 1, 
and each ball Dj intersects E{Bq). Then for every j, we have Dj C B 
and f^{Dj) > Sr^. Furthermore, the condition a(2"'^'^~^^ Sy^'^ > 1 ensures 
that the open balls Dj are pairwise disjoint. 

We are now in a position to derive a contradiction. Indeed, the 
observations above yield the following chain of inequalities: 

j 

Now choose a = min(|, {cf+iY^''^)- With this choice of a, the right 
hand side of the expression above is greater than Cirf, which is in 



contradiction with the growth estimate (2.1). As a result, one of the 
balls Dj does not intersect E{Bq). We can now put Cg = a, and arrive 
at a ball D satisfying (i) and (ii), provided Cg{2^'^'^~^^5y^^ > 1. 

It remains to translate D so that (iii) holds. To this end, recall that 
the centre of B lies in E{Bq). Therefore, one may move the ball D 
towards the centre of B, until its boundary touches E{Bq) at some 
point z. □ 

Note that each ball B{y,r) C D has measure fi{B{y,r)) < Ar'^. This 
is because the ball D contains no mediocre balls, and does not intersect 
E{Bo). 



3.2. A measure estimate. We shall now state and prove an elemen- 
tary lemma, which will enable us to exhibit the blow up of the maximal 
Riesz transform. _ _ _ 

Let f > and let R > 64f. Suppose that D is a ball of radius R, with 
the property that every ball B{y, r) G D has measure fi{B{y, f)) < AP. 
Let z G dD be such that 

(3.6) ^i{B{z,t)) > 5t^ for all t G (f, (^f)^/^). 

Finally, define x = z — 4fn, where n is the outward unit normal to dD 
at z, see Figure 1 below. 
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B{x, pf) 



n(x,p) 




Figure 1. The set-up for Lemma 3.6 The angle x will be chosen equal to 
1 

ciq6 s-d+i . 



Lemma 3.6. There exist positive constants cio and cn such that if p 
and X satisfy p G (8, {R/fY^'^) and X < Cii5p^~'^, then 

1 S 
/i(r(cio5™,p))> ^{prY, 

where, for x > 0, 

r(x, p) = {y E B{x, pf) : fi- {y — x) > max{x\y — x\, f)}. 

Proof. First note that B{x,pf) D B(z,pf/2). By ( 3.6[ ), we have the 
estimate p{B{x, pfY — '5(pf)*/2*. Our goal is to show that the majority 
of the mass of B{x, pf)\B{x, f) lies within the set r(x, p), for a suitably 
chosen x > 0. 

As indicated in Figure 1 above, consider the lower part B_{p) = 
{y G B{x,pf) : h ■ {y — x) < f} of the ball B{x,pf), and the shaded 
region n(x, p) = {y E B{x,pf) : f < h ■ {y — x) < x\y — x\}. Note 
that, by definition, B{x,f) C B^{p). 

We claim that p(n(x,p)) < 5(pf)V2''+^ for x = cio^^^^, if cio > 
is chosen small enough. Indeed, for x G (0,1), consider a cover of 
n(x , p) by C/x*^"^ balls of radius xpf. Applying the growth condition 
(2.1) to each covering ball yields p(n(x, p)) < CCi ^'^aY'i . The claim 



follows once we choose Cio = (2*+^CCi) 



s-d+l 
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Now, cover the set B^{p) by Cp'^ balls of radius f, such that each 



covering ball has its centre in B_(p). Since y {R — Sr)^ + Rr < R — r 

(recall that R > 64f), each of these covering balls lies inside D, and 
therefore has measure at most Af*. Consequently, we deduce that 

(3.7) Mi?-(p))<Cp'^AP, 

which is less than 5(pf)'^/2'*+^, provided A < Cn6p'^~'^ with cn < 
Combining these measure estimates, we obtain 

/x(r(x,p)) > -p(n(x,p)) -/i(i?_(p)) > 5ipfr/r+\ 

for X = Cio5^-*+i. □ 

Let us now convert the measure estimate of Lemma 13.61 into an in- 
tegral estimate. Denote /3 = I ZdXi = 1 + ^3^- We will keep the 
notation of the proof of Lemma 3.6 For A > 1, write 



B{x,Af)\B(x,f) \y a^P'^* 

...dp,{y)+ ...dp,{y)+ ...dn{y), 

r(^,A) Jn{K,A) J B.{A)\B{x,f) 

and denote the three integrals on the right hand side by /, //, and /// 
respectively. First, note that by the definition of r(x, A), 



t{k,A) \y - A' Js {rpy P ' 

where Fubini's theorem has been applied in the final inequality. Now 
suppose that A and A satisfy A G (8, (^/f)^/^) and A < CnSA''-'^. 
Then, with x = cioS^^^'^~^^~'^\ we apply Lemma 3^ to estimate / > 
scio5^2-"-Mog(/l/8). The integral // is nonnegative, and therefore 
can be ignored in deducing a lower bound. Concerning III, we apply 
Fubini's theorem once again to estimate 



\III\ < s 

< s 



°° p{B^{p) n B{S:, Af)\B{S:,f)) dp 
{pry p 

^ pi{B^{p)) dp ^ KB-{A)) _ 
{prY p {ArY 



Since A < {R/ff/'^ and A < Cn^A^"'^, the bound in (|3/7| yields |///| < 
CXA'^^'^ < Ci2. Thus, we arrive at the following corollary. 
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Corollary 3.7. Under the conditions of Lemma 3j_6. we have 



(3. 



n 



(y-x) 



A. 



B{x,Af)\B{x,f) \y ~ ^\^^^ ^ ' 2 

provided A G (8, (R/fy^^) and X < cuSA^-"^. 



12, 



3.3. The conclusion of the proof of Proposition 3.1 We are now 

in a position to bring everything together. 



Proof o f Pro position 3. 1 Assume that part (ii) of the alternative in 



Lemma 
Lemma 



3.4 



3.5 



holds. As long as 09(2"*^'^ s)^^i/a! ^ apply 
to find a ball D of radius R = cg{2''^'^-''>SY/'^r > 64r, 
and a point z G dD fl E{Bq). Define x = z — 4rn, where n is the out- 
ward unit normal to dD at the point z. Since D fl E{Bq) = 0, every 
ball of radius r contained in D has measure at most Xr '^. Consequently, 



the conditions introduced in the beginning of Section 3.2 are satisfied 
with D = D,R = R, x = x,z = z and r = r. 

Now suppose A < .jRfr = v^C9(2^('^-^)5)V'i and A < cn6A'-'^. 
Then Corollary |3.7| yields 

iy 



(3.9) 



n 



B{x,Ar)\B{x,r) W 



X 



- X) 



dM>^^5^\ogiA/8)-C^2, 



with (3 = fz^^- We would arrive at a contradiction if the right hand 



side of (3.9) exceeds 3C2. Indeed, it would follow that 

\R{Xn''\B{x,Ar)l^)i^) - RiXRd\B{x,r)l^){x)\ > 



which contradicts the Cotlar lemma (Lemma 2.2 ). This will be achieved 

if A = exp(Ci3/50- 

It remains to choose A and n so that all the above lemmas are ap- 
plicable and this choice of A is admissible in the end. We will pick A 
first. There are two assumptions on A independent of n: A < S, and 
A < Cu6A'^~^. A reasonable choice of A is therefore A = exp(— C14/5''). 
When choosing n, we have to satisfy the following three conditions: 



-n(.+i-d) ^ ^^^^ c9(2"('^-^)5)^/'^ > 64, and A < cg{2<'^-')5yl^ . 



(The first condition is a restatement of (3.3), which guarantees that 
the alternative in Lemma 3.4 holds with our choice of A.) All three 



conditions are lower bounds on n. In terms of the order of magnitude 
of n as (5 tends to zero, the first and third conditions are the most 
restrictive. We are thus forced to choose n = [Cis/^^J. 

With such choices of A and n, part (ii) of the alternative is in con- 
tradiction with the boundedness of the Riesz transform. Substituting 
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these values into (3.4), we get the desired estimate for the measure of 



EiBo). □ 
4. The Cantor construction 



In this section we will use Proposition 3.1 to quantify the Cantor 



construction of Eiderman, Nazarov and Volberg |EN V2j . 

4.1. The general outline of the construction. Let A > 0, and 

let 7 G (0, 1]. Suppose that /i is a finite non- negative measure with 
||i?(/i)||ioo < 1. Assume that 

(4.1) f,([x eR':C([re (0,00):^^^^^ > a})>t})>27MR'). 
We will show that this inequality contradicts the boundedness of the 



Riesz transform in L'^d-t) if T is large enough. Theorem 1.1 will follow 
once we quantify this statement by obtaining a contradiction for every 
T > exp[(CA~-'^7~-^)-'^/"], with C and a depending on s and d only. 



Due to the growth condition (2.1), we may restrict our attention to 
< A < Ci. 

The finiteness of /i guarantees that for any choice of A > 0, we have 
/i(-B(x,r)) < Ar** for all x G R*^ and r > R = ( ^'•^ ^ Y^^- Hence there 
exists a compact set E with 

Ec{xeR'^:C({re {0,R) : ^^"^^^'^^^ > ^})> 
such that /i(-E') > 7/i(R'^). Since both the condition ||_R(yu)||ioo < 1 



and the assumption (4.1) are invariant under replacing /i by jj{R- )/R^ 



we may assume that R = 1 without loss of generality. 



The expression in (4.1) becomes more palatable if we discretize the 
C measure. To this end, we define a good scale at x to be a dyadic 
fraction 2~'^, k G Z_|., for which the ball B{x,2~^) satisfies 

M ^(^,2-^)) ^ A 
2-sk 2'*' 

Now suppose ii{B{x,r)) > Ar^ for some r G (2~''~^, 2"^^], k G Z+. 
Then we have /i(S(a;, 2"'=)) > A2-('=+i)^ It follows that 



(4.2) ^^^r:.: " > 



£(|r G (0,1) : 



fi{B{x,r)) 



> A 



(4.3) VI ' ' ' 

< (log 2) ■ cardjA; G Z+ : 2^^ is a good scale for x}. 

We conclude that each point x & E possesses T distinct good scales. 
The construction of Cantor levels relies upon the existence of a notice- 
able set where all points have plenty of good scales. 
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We will need to introduce four auxiliary parameters, A^, e, M, and 
6, which will be chosen in this order to depend on 7, A, s, and d. The 
parameters and M can be thought of as large, while e and 6 can 
be thought of as small. Their primary roles in the construction are 
described in the table below. 



Parameter 


Primary purpose of parameter 




The number of levels in the Cantor construction. 


e 


The parameter controlling the measure of points lying 
in various exceptional sets that we will need to remove. 


M 


The parameter controlling the size of a low density 
region around each cell. 


6 


The parameter controlling the overall density 
of the measure in each Cantor cell. 



During the construction, there will be several size requirements on 
T - in terms of A^, e, M, and 6 - to ensure there are sufficiently many 
good scales at any point of E in order to construct a Cantor set deep 
enough to apply the arguments of |ENV2j . 

Each layer of the Cantor construction begins with choosing a top 
cover. The top cover will consist of high density balls corresponding to 



certain good scales. We then apply Proposition 3A_ to find the bottom 
cover; namely a collection of low density balls, whose union contains 
all but a small portion of E. Finally, we will modify these low density 
balls in order to obtain the Cantor cells of a given level. 

4.2. The construction of one level. Consider two compact sets E 
and Q, both contained in an open ball B of radius p. Suppose E (Z Q, 
and dist(-E,(9fi) > ep. A triple {Q,E,B) satisfying these properties is 
called an admissible triple. Assume that each x E E possesses T good 
scales 2~'' with < sp/4:. 

(i) The top cover. At each point x E E, consider the set of all 
good scales 2"^^ satisfying 2^^ < ep/i, and denote by the largest of 
those good scales. We will apply the Vitali construction to the balls 
{5(x,r,)}^g^. 

First choose B{zi, vi) to be a ball of largest radius from the collection 
{B{x,rx)}^^j^ (recall that each is nonpositive integer power of 2 so 
the largest ball always exists). Given balls B{zi,ri), . . . , B{zk, r^), we 
choose -B(2;fe+i, rfc_|_i) to be a largest ball B{x,rx) that is disjoint from 
every previous ball B{zj,rj), j = 1, . . . ,k. If no further selection is 
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Figure 2. The figure depicts two levels of the Cantor construction. Shown 
are four level k cells, where the construction is displayed in full. The large 
dashed balls B^- ' are the bottom cover balls at the level k. Each thick 

black path is the boundary of a Cantor cell ' . The regions -Bj ' , partially 

~(k) 

shaded in grey, contain the inner sets Ej '. These are covered by the level 
k + l cells which are filled with white for contrast. 
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possible, we terminate the process. Since E is a. bounded set, if the 
algorithm does not terminate, the radii rj tend to as j — cxd. By 
construction, the radii of the balls Bj are non-increasing. 
The balls B{zj,2rj) cover the set E. In fact, 

(4.4) for any x &E, we have x &B{zj, 2rj) for some j with rj > r^- 

Indeed, otherwise B{x,rx) is disjoint from all balls B{zj,rj) with rj > 
Tx, but has not been chosen in the Vitali cover. This contradicts the 
selection rule. 

By compactness, there exists J G N such that the finite sequence 
B{zi,2ri), . . . , B{zj,2rj) covers E. For a point x E E, let j{x) G 
{1, . . . , J} be the index corresponding to a largest ball B^zjm, '^^j{x)) 
containing x. Since the radii rj are non-increasing, from (4.4) we see 
that rj(a;) > r^. 

The finite collection of further enlarged balls Tj = B{zj,4rj), j = 
1, . . . , J, forms the top cover. We will need the following two key ob- 
servations about the top cover. 

First, for each point x E E, the associated top cover ball Tji^x) = 
i?(2j(a.), 4rj(3;)) satisfies x G ^Tj(^x) and < rj(^x)- Therefore, the num- 
ber of good scales 2~'^ at x with 2"'^ < rj(^) is still at least T. 

The second key property is a measure estimate: 

(4.5) Yl MT,)<%/i(^^)- 



To see this, note that jj{B{zj, rj)) > and therefore (2.1 ) implies 

that 

fi{B{z„4rj)) < Ci4Vj < ^f^{B{z„r,)). 

As the balls B{zj, rj) are disjoint and contained in Q, we conclude that 
dilsj ) holds. 

(ii) From the top cover to the bottom cover. Suppose that 
M > 1 and 5 < min(l,2^). Fix g G N such that q is slightly 
greater than e-^ exp[CiG2''^M''^/6^]. For each j G {1, . . . , J}, we apply 
Proposition 3.1 with Bq = Tj, and 6 replaced by 6/{2M)'^. With our 
choice of q, the set Eg^^^j^y{Tj) C ^Tj has measure fi{E^^^^j^y(Tj)) < 
Sfi{Tj) for each j. Define the exceptional set F by 

(4-6) F= [j i?,V/)4^.)- 

j=i,...,j 



Then F is an open set, and (4.5) implies that n{F) < ^^/x(f2). 
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Let X e E\F. Since x e {^Tj(^^))\El^^^j^,jy,{Tj(_^)), and rj^^) > r^, 
there exists a ball B{x, Mt^) such that 

(4.7) r,(,) > Mi > > 2''^'^~^^r,, 

and fi{B{x,Mt,)) < j^iMt^Y = ^i^. Now let U = 2-S(x) where 
£ is such that 2~^rji^x) ^ Oitx^tx]- Then the ball B{x,Mtx) satisfies 

(4.8) n{B{x,MU)) <6tl. 

By construction, B{x,Mtx) C Tji^^), and moreover, 

(4.9) dist(5(x, Mtx),dTj^x)) > Tj^x)- 



From (4.7), we see that > Therefore, if T > g + log2 M, 

then each x E E \F has at least T — q — log2 M good scales with 
2-' < t.. 

We will now shrink the balls B{x, t^) to eliminate the possibility that 
the mass of any ball in the collection is concentrated near its boundary. 

To this end, fix x G E\F. Suppose (1 — 3eY > |, and put A-,- = 
(1 — 3ey . Consider the sequence of balls {B{x, Xjtx)}j, and assume 
that 

(4.10) fx{B{x, XjQ\B{x, Xj+iQ) > 3defx{B{x, XjQ), 
for all j = 0, . . . , — 1. Then 

fi{B{x,Xjtx)) ^ l-3de fi{B{x, Xj^it^)) ^-{B{x, Xj^it^)) 
{XjtxY -{l-3eY' {Xj-iUY ^ i^j-itxY ' 
for each j = 1, . . . , k. Since ^{B{x, t^Y < ^t^, we see by induction that 

(4.11) ^(Bi.YY'U s for all, =0.....^. 

Suppose that 2~^ is a good scale at x with 2^^ G [Xktx,tx]. Then let 
J > be the largest index with Xji^ > 2~^. Since < j < k, we may 
apply (4.11) to observe that 

/x(5(x,2-0) < f^{B{x,X,txY < S>^rx < (i-3eY '^~'^ ^ 

which is a contradiction. As long as T > g + logg M, there is a good 
scale X no greater than t^, and hence (4.10) fails for a finite index. 
Let k be the least index such that 

(4.12) fi{B{x, Xktx)\B{x, Xk+itxY < 3de^i{B{x, XkQ)- 

As we have seen, 

there is no good scale at x between X^tx and tx- 
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Now put p(x) = \k{x)tx- The introduction of does not distort 
the density estimate (4.8) too much. 

Lemma 4.1. The following estimate holds: 

(4.13) ^i{B{x,Mp{x))) < 2M'6p{xy. 



Proof. If Mp{x) > tx, then (4.13) follows from (4.8). Otherwise, let j 
be the largest index with Xjt^ > Mp{x). We have < j < k and (4.11) 
yields 

p{B{x,Mp{x))) < SiXjt^y < (1 - 3e)-'SM'p{xy < 2M'Sp{xy, 

as required. □ 

We shall now apply the Besicovitch covering construction to the 
family of balls p(x))}^g^^p. First note that all radii p{x) are of 

the form 2~^^{1 — 3eY'^, for some nonnegative integers ii and £2 (which 
depend on the point x). Hence, given any non-empty subcollection of 
balls from {i?(a;, p(x))}^gg\^^, there exists a ball of maximum radius in 
the sub-collection. 

Let Bi = B{xi, pi) be a largest ball -B(x, p{x)). Given balls Si, . . . , Bk, 
let -Bfc+i = B{xk+i, Pk+i) be a largest ball B{x,p{x)) whose centre x 
does not lie in Bj for any j G {1, . . . , k}. If no further selection is pos- 
sible, the process terminates. It is clear by construction that the radii 
are non-increasing in j. Since E\F is bounded, if the algorithm does 
not terminate, then pj — )■ as j — ?■ 00 (note that the balls B{xj, pj/2) 
are disjoint). 

A ball B{x,p{xy would only remain unselected if a; G Bj for a ball 
Bj with Pj > p{x). Therefore, the balls Bj form an open cover of 

the compact set E\F. It follows from compactness that the selection 
algorithm terminates with a finite sequence {Bj}j=i^,,,^K, which covers 
E \F. The finite collection of balls {Bj}j=i x forms the bottom cover. 

The selection rule guarantees that a centre Xj does not lie in any ball 
Bk for k ^ j. This is immediate for k < j. If k > j then pk < Pj, 
and so Xj G Bk implies that Xk G Bj, which contradicts the choice of 
Bk. Suppose now that z lies in the intersection of two balls Bj and Bk. 
Since \xj — Xk\ > ma.x{pj,pk), the line segment between Xj and Xk is 
the longest side of the triangle formed by the three points z, Xj, and 
Xk- It follows that the angle between Xj and Xk, measured at the point 
z, is at least tt/3. Since this holds for each pair of Besicovitch balls 
containing z, we see that any point can be contained in at most C20 of 
the balls in the bottom cover. 

Let Bj be the closure of (1 — 3e)Bj\ Uj<j Bi for each j = 1, . . . ,K, 
and define Ej = Bj fl E\F. If x G Ej for some j G {1, . . . , K}, then 
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Bj is the largest of the Besicovitch balls to contain x. By the selection 
rule, it follows that pj > p{x). Recall that there are no good scales at 
X between p{x) and t^. As a result, if T satisfies 

(4.14) f >g + log2M + log2^ + 3, 

then there are at least T — q — loga M — log2 ^ — 3 good scales 2"^^ at 
each X G Ej, with 2^'^ < epj/A. 

The sets Ej cover E except for the intersection of E with F U 
[Jj[Bj\{l — 3e)Bj]. This latter set has small measure. Indeed, since 
the balls Bj are contained in Q, and have a finite covering number of 



at most C20, we may apply (4.12) to estimate 



/x(|JSj\(l - 3e)Bj)< 3de^p{Bj) < 3deC2opin). 

j j 

Combined with the measure estimate for F, we see that 

(4.15) p{F U |Jb,\(1 - 3e)B,)< C2iep{Q)/A, 

j 

since A < Ci. 

The sets Bj are nicely separated: dist{Bj, Bk) > 3emax{pj, pk) for 
all j 7^ k. For those non-empty Bj, define Qj to be the closed epj neigh- 
bourhood of Bj. It is clear that dist(fij,i7fc) > emax{pj, pk) whenever 

Let us now summarize the key properties of the construction: 
a) Self- similarity. Given an admissible triple {fl,E,B), the algo- 
rithm yields a collection of admissible triples {Qj, Ej, Bj), with Qj C Q 
for each j. Indeed, for each j we have Ej C Qj C Bj, and dist{E j,dQj) > 
epj. We are therefore able to iterate the algorithm. 



b) Uniform cost in good scales. Suppose that T satisfies (4.14). Then 
there are enough good scales at each point of E\F to construct the cells 
Qj and Ej. Furthermore, for each j, and for any x & Ej, there are at 
least T — q — log2 M — log2 ^ — 3 good scales at x smaller than epj/i. 



c) Small loss of measure. An immediate consequence of (4.15) is that 

(4.16) p(]jE,>j>p{E) - C2iep{Q)/A. 

j 

d) Separated cells. Any two cells f2j and Qj are well separated: 
dist(f2j, Qj) > emax{pi, pj) for any i 7^ j. 
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e) Low density cells. For each j = 1, . . . ,K, the cell Qj C Bj and 
(4.17) KMBj) < 2M'5p]. 

f) Thick cells. By their definition, each cell Vtj contains an open ball 
of radius epj. 

g) Associated top cover halls. Each cell VLj can be associated to a top 
cover ball = B{zk, 4rfc), for some k E {1, . . . , J}, so that Mpj < r^, 
flj C Bj C Tfc, and dist{Bj,dTk) > r^. To see this, note that the 
bottom cover ball Bj is a subset of a low density ball B{x, t^), for some 
X G The top cover ball Tj(a.) satisfies the required properties (see 

4.3. Construction of the set. We will now carry out an A^-fold it- 
eration of the algorithm of Section 4.2 to produce the Cantor set. 
For each k > 0, define T*^*^^ by 

f = {N-k){q + log2 M + log2 ^ + 3). 

Assume that we are given a finite collection of admissible level k triples 
{^l^j'\ Ej''\Bj''^), satisfying the following properties: 

• For each j, every x G Ej'^^ has at least T^^'' good scales smaller 
than pf'^ /4:, where p^^^ is the radius of Bj''\ 

• For any i ^ j, dist(i7-''\ i^j^^) > e max(p-''\ pj^-*). 



With j fixed, applying the algorithm to the triple {Q^j'\ Ej''\ Bj''^) 
yields a finite collection of new admissible triples. The union (over 
j) of all these collections forms the collection of level k + 1 triples 

/o('=+i) pC^+i) 

[ilf, ,Ef, ,Jdi ). ^ 

For a fixed £, every x G e'^'^^'' has at least T^^"*"^^ good scales less 

than or equal to ep^^^^"* /A, where pf^^"* is the radius of Bf^^\ This 
follows from property (b) of the construction. 

Note that lil^n, then dist(l]f > e max(pf pi'+')). 
To see this, note that each level + 1 cell VL^^^^^ has a unique parent cell 
Vtf\ Iftwo level A; +1 cells originate from the same parent cell, then the 
required separation follows directly from the construction (see property 
(d) above). If they have different parent cells, then the claim follows 
from the separation between those parent cells, since p^^'^ > pf^^'^ 
whenever VL^^ is the parent cell of VL^^^'^\ 

To begin the iteration, assume that T > T(°). Let Ef^ = E, and put 
p^"'* = 2diam(i?) H . Define Bf^^ to be a ball of radius p^i \ centred 
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at a point of E. Let ^if*^ be the closed ep^^^-neighbourhood of E. The 
initial triple Ef'\ sf'^) is admissible provided e < 1/2. Indeed, 

for such e we have epf^ +diam(£') < p^i \ and hence C Bf'\ Note 
that the maximal good scale at each point of E is smaller than epf^ /A 

(this is merely the statement that epf'' /A > 1). 

Iterating the construction times from this initial triple, we obtain 
the levels {nf\ E^''\ Bf)j, for = 0, . . . , iV. The sets are the 
level k Cantor cells. ^ 

The condition that T > T^^^ = A^(g + log2 M + log2 ^ + 3) guarantees 
a sufficient number of good scales at any point in E to construct the 
iV levels of the Cantor set. Since q is the dominant term, it suffices to 
require that T satisfies 

(4.18) T>^^exp' 



e \ dP 



with /3 as in Proposition 3.1 



Let us now place a restriction on e to ensure that the majority of 
the measure of E is preserved after the A^-fold iteration. To this end, 
note that for each k = 1,. . . ,N, it follows from property (c) of the 
construction that 

(4.19) ^(UEf)>^(u5f-")-^^Mnr"). 

Since the cells flf^ are disjoint, we have 



j ^ 
and recalling that E^^^ = E, we inductively obtain 

for any k = 0, . . . , N. Suppose that e satisfies 
,4.20) N^^ < 1. 

Then we see that E will not be exhausted after constructing the N 
levels. Moreover, we have the estimate 

(4.21) ^^{[jEf')>lf^{E). 
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Let F = [JjQ,^^\ and define /i' = xf/^ to be the rarefied measure 
associated to the A^-th Cantor leveL We will make regular use of the 
following properties of the measure 

(1) Domination. The measure /i' is dominated by /i. 

(2) Separation in the support. Suppose f2 is a level k Cantor cell, 
and B = B{x,p) is the ball in the bottom cover of the k-th level that 
gave birth to Q. Then we have 

(4.22) dist(supp(/i')\^^,^^) > ep. 

This property is an immediate consequence of the separation between 

(k) 

the Cantor cells for each level k = 1, . . . , N. 



(3) Significant mass. Since Ej^^ C the inequality (4.21 ) implies 
that 

/x'(R'^) > ^^{E)/2 > 7p(R'^)/2. 



5. The L'^ifi') estimates 



In this section we will show that assumption (4.1) implies that the 
norm of R^{fi') in L'^in') is large. From this we will conclude the proof 
of Theorem 11.11 

5.1. Reduction to L'^ifJ^') estimates. We first introduce the partial 
Riesz transforms. For x G |J^- define ^l^'^^x) to be the unique level 
k cell containing x. The partial Riesz transform R^^\iJi') is defined by 

(5.1) R^'\^^'){x) = I r^^^^,df,'{y), 



forxGU.-^r'^ 



We will see that Theorem Ll^ follows from the subsequent three 
propositions. 

The first proposition concerns the boundedness of the sum of partial 
Riesz transforms in L^(yu'). 



Proposition 5.1. The following inequality holds: 

(5.2) / \j2R^'\f^') rfp'<2fc + ^^)/i'(R'^). 



k=0 



The second proposition states that the partial Riesz transforms are 
almost orthogonal to one another. 
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Proposition 5.2. There exists a constant Ki = Ki{s, d) > 1 such that 
for each k = 0, . . . , N — 2, 



(5.3) 



7V-1 

■Rd V / 
«■ j=k+l 

M 



j=k+i 



The third proposition, which is the heart of the argument, concerns 
the size of each partial Riesz transform in L^(/i'). 

Proposition 5.3. There exists a constant K2 = K2{s, d) > 1 such that 
if e, M and 6 are chosen satisfying the inequalities 



(5.4) 



1 7^A^ , 
—T: 1- TT < and — < 1, 



then for each k = 0, . . . , N — 1, 



(5.5) 



/ |i?W(/.')lV>^-7'AV(R'^)- 



Taking these three Propositions for granted for the time being, let 



us conclude the proof of Theorem 1.1 



Proof of Theorem 1.1. Suppose that e, M and 6 are chosen to satisfy 



M'5 1 

+ — < ' 



M - ANKiy/K2 
Then it follows from Proposition that 

N-l 



I \Y.R^'\^^)'d^^' 



2^K2 



Assuming the conditions (5.4) are in force, applying Proposition 5.3 



yields ||i?W(/i')||L^(^o - ^ \\\R^^\^^')\yi^,>), and therefore 



(5.6) 



N—l 

I |5^i?W(/.') V>;^yAV(R'). 



Put = [(8C3A:2)/(A^7^)J + 1. If £, M and 5 are chosen to satisfy 
2M'^5/e'^ < a/C*3, then (5.6) is in contradiction with Proposition 5.1 As 
a result, the assumption (4.1) is false. It remains to make a consistent 
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choice of e, M and 5, and consequently determine an admissible size of 
T. 

Recall that (4.20) is the only restriction on e in terms of only. A 
suitable choice of e is therefore e = cyA/N = cA^7^. We now deter- 
mine M, and subsequently 6, according to the following four conditions: 



2M'6 
M'5 



< 1, and + — < ' 



-d+s 



M 



First pick M subject to 
(5.7) 

Then choose 6 satisfying 



fNKiy/K~2 K2 



74A^ 



(5.8) 5<lminf^^^ 



A^7^5 74A%' 



4 A 4^d+s 



Since N and e are power functions in A and 7, we can choose M 
and S to be power functions in A and 7 as well. (A computation shows 
that we may choo se M = CA'^-f-'^ and then 6 = cA^+5'^+i^"7^+5'^+i^^) 
As a result of (4.18), we assert the existence of positive constants 

ach tha 
follows. 



a = a{s,d) and C = C{s,d ), su ch that ( |4.1[ ) must be false if T > 
exp[(CA~^7~^)^/°]. Theorem 



1.1 



□ 



We turn now to proving the propositions. Propositions 5.1 and 5.2 



are quite simple to prove, but Proposition 5.3 requires some work. 



5.2. Proo f of Proposition 5.1 The T(l)-theorem (quoted as The- 
orem 2.3 in this paper) states that the operator /?*( ■ /i) is bounded 



in L^((i/i), with operator norm at most a/Cs. Since X]j G i^^(/i) 



with L^(/u) norm equal to y/7(R?), we deduce that 



f \R*{fi')\^dij' < [ \R*{fi')\^di2<C3ij'{'R" 



(5.9) 



Proposition 5.1 is a simple consequence of (5.9) along with the following 
lemma. 

Lemma 5.4. For any x G supp(/i'), the following inequality holds: 

N-l 



(5.10) 



5^ /?('=)(/i')(x) </?#(/.') (x) + 



2M'S 



k=0 
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Proof. Suppose fi^^^(x) = ^j-^"* for some j. Consider the ball Bj = 
B(xj, pj) in the bottom cover of the A^th level that gave birth to fij-^''. 



Since x G it immediately follows that 



N-l 



k=0 



y-x 



2Bj\nW(x) \y - X 



1+s 



dfi'{y) 



In order to estimate the second integral, observe from (4.22) that the 
integrand is pointwise at most l/{6pj)^. Therefore, assuming M > 2, 



y-x 



2B. 



\nW{x) \y - x\ 



-dp'iy) < /i'(25 



< 



fi{MBj 



Appealing to (4.17), we obtain the required estimate. 



□ 



To prove Proposition 5.1, we apply (5.10) to obtain 



Since (a + b)^ < 2{a? + 6^) for a, 6 G R, the desired inequality follows 
from (5.9). 



5.3. Proof of Proposition |5.2| , We begin with a simple oscillation 
estimate. 

Lemma 5.5. Let v he a signed measure, and let Q G B = B{z,p) be 
such that dist(f2, supp(z^)) > ep. Then, 



(5.11) oscnR{i^)< 



(spy 



IH(i^(^,Mp/3)) + %supM^. 

IVI r>0 I 



Also, if a is a signed measure supported on Vl such that a{VL) = 0, then 
(5.12) 



\R{a)\du 



< 



^ ■u\{B{z,Mp/3)) + ^snp 



u\{B{z,r)) 



(ep) 



wm)- 



Proof. For points x, x' G Q, we wish to estimate the quantity \R{i'){x) — 
_R(z/)(x')|. To this end, note that for each y G supp(z/), we have 

2 



(5.13) 

\y-x 

In addition, if M > 6, then 



y-x 



l+s 



\y - X 



i\l+s 



< 



{spy 



(5.14) 



y-x 



y-x 



\y-x 



l+s 



\y — X 



i\l+s 



< C- 



P 



z — y\^^^ 



for y G R'^\5(2,Mp/3). 
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Integrating estimates (5.13) and (5.14) with respect to |z/| ov er th e 
sets Bjz, M p/3) a nd R'^\B{z, Mp/3) respectively, we arrive at (^5.1lh. 
To prove (5.12), note that for any x' G and y G R*^, we have 

y — X y — x' 



\Ri^)iy)\ < 



\y-x 

Using (5.13) and ( |5.14[ ), we obtain 



l+s 



'\l+s 



\Ri^)iy)\ < 



2\a\{n) 



XB{z,Mp/3) (y) + 



\y - X 



\z — y\^~^^ 



d\a\{x). 



X'R''\B(z,Mp/3) 



for any y G supp(z/). Integrating this inequality over we arrive at 
(|5l2|. □ 



By inspection of the proof of Lemma 5^, we obtain the following: if 
ly, Q and B satisfy the assumptions of Lemma 5^, and if (yf is a bounded 
vector field, then 
(5.15) 



oscn R*{gi^) < \\g\\L° 



(epy 



\umz, Mp/3)) + ^ sup 



\u\{B{z,r)) 



We turn now to the proof of Proposition 5.2 



Proof of Proposition 5^. On account of the first part of Lemma 5.5 
we claim that 



(5.16) 



OSC^(.+.)i?W(/i')<C24(^ + ^ 



To see this, note that C fi^'^'' for some choice of 

Xf^(fe)\^j^(fe+i) -/u'. Then for any x G we have R{iy){x) = R'^^\jj!){x) . 

Let B = B{xj, pj) be the ball in the level k + 1 bottom cover that gave 
birth to ^l^'^'^^K Then dist(supp(z/), fij'^"''^'') > epj. Applying Lemma 



Let u 



5.5, and estimating the right hand side of (5.11) with inequalities (4.17) 



and (2.1) respectively, we get (5.16). 

Now, fix X ^ n F, and observe that 



N-l 



y-x 



n'.>'+'\n(N){x) \y-x 



:dfj,'{y). 



As the support of /i' is contained in F, we may write r]f+'\fiW( 



x] 



as the set of y G fif n F such that Q^^^y) ^ Q'^^^x). Integrating 
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over X E ^Ij 



(fc+i) 



n F with respect to fi', we thereby obtain 



(5.17) 



•^^^ £=k+l 



y 



X 



\y 



X 



1+s 



d^'{y)dfi'{x) =0, 



since we are integrating an anti-symmetric function over a symmetric 



set. Combining the oscillation estimate (5.16) with the mean zero 



property (5.17), we estimate 



(5.18) 



„ N-l 

^ ^'a D — i. I 1 



24 



M'b 1 



(fc+i) 



|i?W(/z')M/.'. 



Summing these inequalities over j, we see that the estimate holds with 
the integration on the left and right hand sides taken over R'^. Applying 
the Cauchy-Schwarz inequality, we obtain (5.3) with Kx = C24. □ 



We now turn to the proof of Proposition 5.3 The proof follows 
|EN V2j ■ but there are a couple of additional considerations needed 
to make the argument quantitative. For the benefit of the reader we 
repeat the details, and so devote a full chapter to the proof. 



6. The proof of Proposition 15.31 



For n G {0 
shall set m = 



. . , — 1}, consider a fixed Cantor cell at level n. We 
/i(f2) and m' = /i'(f2). Let denote the collection 

of those level n + 1 cells that are contained in Q. Each Cantor cell 
Qj is born out of a bottom cover ball Bj of radius pj. We will work 
primarily within the cell Q, and then sum over all the level n Cantor 



cells to prove Proposition 5.3 



It will be convenient to introduce a globally Lipschitz function V{x), 
which behaves like for small values of To this end, let v G 
C~([0,oo)) be such that v{0) = 0, v'{0) = 0, v"{t) = 2 for t G [0,1], 
v"{t) is non-increasing in t, and v"{t) = for t > 2. The function v is 
convex, increasing, and satisfies min(t, t^) < v{t) < for all t G [0, 00). 

We will need a couple of additional consequences of the assumptions 
on f ; namely, v'{tY < 4f (t) and v{at) < a?v{t) for any t > and 
a > 1. To see these two inequahties, note that v'{t) > tv"{t), as 
v"{t) is non-increasing and v'{0) = 0. Integration of this inequality 
yields v{t) > J^Tv"{T)dT = tv'{t) - v{t), and thus 2v{t) > tv'{t) (or 
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alternatively (logt;(t))' < 2/t). Hence Av{tf > t^v'{tf > v{t)v'{tf, 
and the first inequality is proved. Integrating (logf (r))' < 2/r between 
T = t and r = at, we obtain the second inequality. 

Now define V{x) = v{\x\) for x G R'^. Then V is convex, and 
min(|a;|, < V{x) < \x\^ for all x G R"^. We also have |VV^| < 
min(4, 2a/i7), and l^(a|a;|) < a'^V{\x\) for all a > 1 and x G R'^. 

Our aim is to derive a lower bound for V {R^'^\iJL'))djj! . 

We begin by showing that it suffices to work with a smooth approx- 
imation of /i'. 



< 



6.1. A smooth approximation of /i'. Recall that inside each Cantor 
cell VLj, there is an open ball Vtj of radius epj. Define ^pj G C^(f2j) so 
that 

(6.1) V'i > 0, / ipjdmd = jJi'iVLj), axid\\ifj\\Lo 

Let p = J2j Pj where pj = ipjirid. By construction, fi(IV^) = p'{fl) = 
m' and supp(/i) C Vt. The key properties of jl are contained in the 
following lemma. 

Lemma 6.1. The following two properties hold: 
(i) Suppose M'^5/e'^ < 1. Then 

(6.2) KB{z,t)) < C2Gf, for any ball B{z,t). 
(a) For a bottom cover ball Bj, one has 

(6.3) mm 
Proof. Fix a ball B = B{z,t), and write 

jliB) = J2~^(Bn n,) + ;i ( U (5 n ^o) . 

Pj<t pj>t 

For each j with B r\Vtj ^ and pj < t, the inclusion Qj C 3B holds. 
Since the cells Qj are pairwise disjoint, we have 

J^HBnnj) < p'{3B). 

Pj<t 

To estimate the second term, note that for any cell Vtj with pj > t, the 
L°° estimate for (pj and the measure estimate (4.17) yield 



(fjdmd < C25md{B f] Vtj)- 

y^Pj) 



< CnidiB n < CnidiB n 
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After summation, we obtain 



MS ^^m^.^ 



Pj>t J 
Bringing our estimates together, we conclude that 

fl{B) < ft' (SB) + —^t", for any ball B = B{z,t). 

Part (i) is now an immediate consequence of the growth condition 
(2.1) (recall that fi' is dominated by fi). To prove part (ii), note that 
/i(f 5j) < iJ,'{MBj) + ^^{fpjy. Applying ^It) yields the required 



estimate. 



□ 



The primary advantage of the smoothed measure is that each fj,j 
satisfies 

M'5 



(6.4) ||/?(/i,)||L- < sup 



eR'* Jn, \y ~ ^\ 



■dnidiy) < 



< a 



28- 



where (|4.17|) has been used in the last inequality. By an analogous 
at if (yf is a bounded vect 

^*te)IU°° < c'28||5'I|l° 



argument, we see that if (7 is a bounded vector field, then 

M'5 



(6.5) 



6.2. A comparison lemma. We wish to show that a lower bound 
for the Riesz transform of /t transfers to a lower bound for the partial 
Riesz transform of with only a small error term. This is achieved 
with a comparison lemma. 



Lemma 6.2. The following estimate holds: 



(6.6) 



Jn 



1 

75+7 + 



m! . 



Proof. The proof is split into three comparisons. We first claim that 



m 



To see this, note that since V has Lipschitz constant of at most 4, it 
suffices to prove that 



(6.7) 



\R(^\p')-R^^\jl)\dfi' <Ci—+ ^ 



m . 



For a fixed j, let aj = x^jl^' ~ P'j- Then |(Tj|(fij) < 2fi'{Qj). It is clear 



that R^"\aj) = on ^Ij. Applying the second estimate in Lemma 



5.5 
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with a = aj and u = Xn\n,IJ'' yields 
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|i?(")(aj)|ci/i' < C 



M'6 



1 A..// 



here we have used (4.17) to estimate fi'{MBj). Summing over j, we 
arrive at (6.7). 



Next we claim that 



m'. 



To this end, apply the first statement of Lemma 
From the growth properties of jl from Lemma 6. 



53|with u = Xn\n,fj'- 
it follows that 



osco.K(/?("H/^)) < 4osco.i?("H/i) < Ci-^ + 



On the other hand, jli^tj) = and so we have 

Applying the oscillation estimate to the right hand side, we arrive at 
(6.8) after summation in j. 

Finally, noting that - /?(/t)| = \R{fij)\ on Qj, we use the 

Lipschitz property of V, combined with the L°° estimate (6.4), to see 
that 



- v{Rmw <^Y. \Fi^i~Pi)w < 4C28- 



-m . 



Bringing together these three comparisons, we obtain the lemma. □ 

6.3. The \l'-function. Consider now the level n + 1 top cover balls 
Tj = B{zj,4:rj) that are contained in fl. Let J' be the set of j G ^7 
such that Tj ^ T, for any i j. For each j E J^, let 



T- 



||J : ilfe C Tj, ^ Ti for any i & J with i < i|- 



The sets Tj C Tj are disjoint, and [j.^jTj D supp(/i') fl Vt. (Recall 
here that each cell VL^ is associated to a top cover ball Tj contained in 
by property (g) of the Cantor construction.) 

Recall the bump function from Section 2.3 For each j G J , 
and A; > 2, let V5fc,j(-) = ^{ 

2fe-i4r )• Then supp(y9fcj) C 2'^Tj^ and 
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Jud '^kjdnid = md{2^Tj). We define the \1/ function by 
(6.9) 



k>2 



Notice that 

(6.10) 

k>2 ji^J 

The following two results contain the properties of ^ that we will need. 
Recall that m = /i(fi) and m' = fi'{Q). 

Lemma 6.3. Let u be a nonnegative Borel measure with smooth density 
such that > m' . Suppose in addition that v is supported on ^flj, 

andviTj) < 2fi'{Tj) for each j G J^. Then the following estimate holds: 



(6.11) 



y(i?(z/))^rfmrf>C3i- 



Proof. We will first prove that 



(6.12) 



/\2 



\R(umdmd > cA- 



Recall the definitions of (p and ip from Section 2^, and note the point- 
wise estimate \E'(x) > cj^jej ^^T^IV'(^i^) |) along with the inequality 



Rd 



\R{u) 



drrid > / {R{i^),^/j 



- z. 



drrin 



R*U 



4r,- 



md I du. 



Employing the equality R* {i){'-^)md) = {ArjY V(i^) (see (2.6)), 
we deduce that 



/ \R{.)\^dmd>cJ2^ [ Ri^( 



4r,- 



md]du 



dv > c 



Since the pairwise disjoint balls B[ contained in fi, and satisfy 

ji{B{zj,rj)) > jiTj, we obtain 
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We therefore have 



/■ 1^. , V- ''iT.y Aim 

/ |i?(z/)|^c?md > cV^^ > c ^ 



i\2 



, m 



where the Cauchy-Schwarz inequahty has been used in the last step. 
Hence (6.12) is proved. 

Let X G R'^. Then since V^(|x|) > min(|x|, we see that > 
A|x| - for any A G (0, l)j^ Hence, with A G (0, 1), 



V{R{u))mdmd>\ f \R{v)\^dmd-\^ ! ^dm^ 



'--30' 



> cA "^""^ - CnA^m'. 



m 

Since A < Ci and m' < m, we may pick A = 2C^Cim ^ ^^'^ resuh 
follows. □ 

The next result is an L'^{fi) bound for R{^m(i). 

Proposition 6.4. There exists a constant C34 such that 

(6.13) I \R{^md)\^dji<CMm'. 

Jn 

We begin with an auxiliary lemma. For a fixed A > 2, define the 
Marcinkiewicz ^f-function by 



Lemma 6.5. There exists a constant C32, such that for any A>2, we 
have 

Jn 

Note that the constant here is independent of A. 

Proof. From the growth bound (2.1), fi'{3ATj) < Ci3^{Arj)'^ . There- 
fore, for any nonnegative / G L^(xf7/i'), we have 

/ (?^/d/i' = 5^/i'(T;)— / fdfi' 

Jn i^^j) J ATjnn 

<c,3^j:f^\f,)-^ I fd^'. 



^It is trivial that A|a;| - < \x\ for A G (0, 1). Since A|a;| < + ^A^, we also 
have A|x| - A^ < jxp. 
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Note that 

where M.{f) = sup / Since the sets Tj are disjoint, 

B-.x&B /i [oB) Jg 

we observe that 

V/i'(T,)infM(/xc)< / M{fxM. 

By the usual weak type argument involving the Vitali covering lemma, 
the maximal operator M. is bounded in with an operator norm 

not exceeding C = C((i) > (see for example |NTVlj ). Applying the 
Cauchy-Schwarz inequality, we obtain 

/ ^7A/t//x'< WCvW||/|U2(^„^,). 

Jvi 

The lemma now follows by appealing to duality in L'^{xnf^')- D 
Our next lemma is a comparison argument. For a fixed k > 2, define 

Lemma 6.6. There exists a constant C33 such that 

(6.14) / |i?(^fcm,)|2rf/i<2 / |/?(*fcmrf)|V + C^33m'. 

JQ Jn 

Proof. Recall that each Cantor cell Qe is born out of a bottom cover ball 
Be of radius pe, with Q D Be D Qe. We shall estimate sup^^ | V-R(\i/fc^d)|p^. 
For each bump function (fk,j, observe the estimate 

|Vi?(^,,m,)(x)| < ^^,^^^\^!^'^^^y^, , ^ e R'^. 

For X ^ this estimate follows from differentiating the kernel 

in the Riesz transform. If X e we employ the convolution 

structure to differentiate the bump function <fk,j, which has a gradient 
bound of C/(2Vj ). 
We therefore obtain 

\VR{^,m,){x)\pe < ^ E (2^,^. + ' ^ ^ 

Now fix X e Be, and split the index set J' into two: J7i(x) = {j G 
J -.{x-ZjlK 2^+Vj}, and J2{x) = J\Ji{x). 

To bound the sum over J7i(x), we first claim that if j G J7i(x), then 
2^+^rj > Mpi/2. To see this, recall that Be is associated to some top 
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cover ball Tj D Be, such that dist{Be, dTi) > > Mpe (see property 
(g) of the Cantor construction). Since Tj is not contained in Tj, we 
have 2 ■ > > Mpi, as required. Employing this observation, 

we see that 

fJ''iTj)pe < _^ /^'(^j) 
^ (2^r,- + |x - c,- 1)^+1 - M ^ (2'=r,-)^' 

Moreover, if M > 4, then 2''+2Tj D Eg for any j G Ji{x). As a result, 

with X & Bi fixed, the function Xljej'iCx) (2^t?^X2'=+2Tj is constant on 
-B^, and is bounded by inf^^ (72fe+2. We therefore conclude that 

y , . ... <Cinf^,.... 

Regarding the estimate for the sum over (x) (with x G -B^), we 
claim that for each j G 1/2 (x), we have |x — j/| > for all y G T^. 
Indeed, if there exists y G Tj with |a; — ?/| < p£, then 

2p^ > 2(|x - ;Zj| - - ;Zj|) > 2^+Vj - Sr^ > 2'=+Vj > Sr^. 

Since 25^ intersects Tj, and has radius greater than the diameter of 
Tj, we see that 45^ D T,-. Provided M > 4, property (g) of the Cantor 
construction ensures that the ball Tj is a strict subset of the top cover 
ball associated to (contradicting j E J). 
Consequently, for any x G -B^, we obtain 

Applying the growth condition on the measure /i' from (2.1), we see 
that this integral is bounded by an absolute constant C depending on 
s and d. Bringing everything together yields 

sup |Vi?(^fcmrf)|pf < C inf g2k+2{z) + C, 

and hence we have oscq ^R{^ k'fnd) < C inf^g^^ g2k+2{z) + C . 

To conclude the proof of the lemma, note that for a continuous func- 
tion /, the following inequality holds 

/ |/prfp<2|c/|2p(^],) + 2 / |/-cy|'rfp. 
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where c/ = ^/(-q^) /^^ fdfi'. Since fl{Qe) = fJ''{^e), we have \cf\'^fl(Qe) < 
4 Ifl'dfi'. Consequently, ^ \f\'dfi < 2^ l/pd/,' + 2/.'(fi,)oscn,(/)^. 
Applying the oscillation estimate for i?(\E'fc"^d), we see that 



\R{'^km^)\'dj2 < 2 / |i^(^fcm,)|^rf/i'^/i'(fi,)inf(^?2^+2)^+C/i'(^],). 

£7/ 



Since Lemma 



6.5 



lyields Y.el^'i^e)^^ine{92''+^)'^ < j^9lk+2dii' < Cm', 

we arrive at (6.14) after summation in i. □ 

We turn now to the proof of Proposition |6.4[ 



Proof of Proposition 6^. To obtain the L?'{fi) estimate for ^ , it suffices 
to prove an analogous estimate with ^ replaced by ^k-, with a constant 
independent of k. On account of Lemma [6^ the proposition will follow 
once we assert that 



(6.15) 



with the constant C independent of k. To prove (6.15), we shall com- 
pare Ri^ki^d) with the vector field = Ylij(^jX'R'^\2''+^TjR{Xf 1^')- '^^ 
this end, we first claim that 



(6.16) 



/ |e|2rf/i' < Cm'. 
Jn 



Indeed, for any vector field g in L'^{xn^'), note that |/q0 ■ gdfi'\ is 
equal to 



y-x 



R<*\2-2'=Tj \y ~ ^\ 



1+s 



g{x)xnix)dfi'{x) d^i'iy) 



Since the sets Tj are disjoint we see that 



Q■gd^l' < / {R*)*{gxn^^')d^^' 



As n' is dominated by yU, the mapping g i— )■ {R*) *{gj i') is bounded 
on L^(/i'), with operator norm at most y/dC^, see (2.3). The Cauchy- 
Schwarz inequality now yields j^{R*)*{gxQ.^')d^,' < \/m'y/dC2,\\g\\L'^{xniJ'')- 
Appealing to duality in vector valued L^(xo/u'), we obtain (6.16). 
To estimate \R{^k^d) — ©I pointwise, examine the difference 



(6.17) 



r{ 



jATj) 



(l)k,jmd){x) - Xnd\2k+-^T,RiXf,l^')i^) 
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If x G then the second term does not contribute. Crudely 

estimating the first term, we can bound the difference in this case by 



In the case when x ^ 2^^^Tj, note that v = ^^^Jtjry^fcj'^d — Xf 
mean zero. Since the distance between x and supp(z/) is comparable to 
\x — Zj\, with Zj the centre of Tj, we derive the estimate \R{h'){x)\ < 



Combining these two estimates, we see that the difference in (|6.17|) 
be 
have 



is bounded by ^-^1^X2%- After the summation in j, we 



\R{^km,)-e\<Cj2'^''-'g,^ 



e>k 



Since ||5'2<^||L2(xn/i') < Cym' ^ with a constant C independent of £, we 



have \\R{^]jn^ — '^WiP-ixnii') — Cym! ^ and (6.15) follows. □ 



6.4. An extremal problem. With a view to obtaining a contradic- 



tion, assume that 



(6.18) I V{R{Ji))dli < \fx'{n) = Am'. 

We will obtain a contradiction if A > is chosen small enough. To this 
end, we will replace fl by an energy minimizing measure. This idea is 
reminiscent of the idea of equilibrium measure in potential theory. 
For a vector a = {aj}j wit h a, > for all j, define the measure /i** by 



= J^j^jP'jj with fij as in (6.1). By construction, supp(/i'^) C [Jj^j 
for any choice of a. Note that the vector a is of finite dimension, 
since there are a finite number of Cantor cells Qj. Consider now the 
functional F{sl), given by 

F(a) = Am' ■ supa^ + / V{R{^i^))d^i''. 

The reasoning behind the definition of F is the following. The second 
term is precisely the energy that we wish to minimize. The inclusion 
of the first term is to prevent the extremal measure from being much 
larger than fi on any cell Qj. 

Let a* be the minimizer for F under the constraint fi^(R,'^) = m'. 
That a minimizer should exist is easy to see; firstly, since /i(R'^) = m', 
the vector a = 1 is admissible; and secondly, the functional F{sl) is 
continuous in a and grows to infinity as any component of a tends 
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to infinity. For notational ease we let /i* = n'^ . Note that -F(a*) < 
F(l) < 2\m', and hence /i* < 2/i. 

In order to obtain information from the minimizer, one can examine 
the first variation of the functional F under a distortion of /i*. This 
examination yields the following lemma. 

Lemma 6.7. For each j with a* > 0, there exists a point w G Qj such 
that 

(6.19) V{R{i2*)){w) + R*[VV{R{fi''))i2'']{w) < 6A. 

Proof. Fix j with a* > 0. We shall estimate the functional F evaluated 
at the vector 

b- ^(^') (a- tc) 
/i(R'^)-t/i,(R'^)^ 

where ej is the vector whose jth component is 1, and all other com- 
ponents are zero. Note here that b is an admissible vector provided 
< t < a*. First observe that 

F(a* - tej) < F(a*) - tl + O(t^), as t 0+, 
with I denoting the quantity 

1= [ V{Rifx*))dfij + [ (yViR{fx*)),Rifxj))dfx\ 

Since V^(a|x|) < a^V(|x|) for all a > 1, the normalization in the defi- 
nition of b can increase the value of the functional F by a factor of at 
most /i(R'^)V(/i(R'^) -tflj{R'^)Y. We therefore obtain 

The first inequality here is just the minimization property of a*. Com- 
paring first order terms, and taking the limit as t — )■ 0"^, we arrive 
at 

(6.20) /<3F(a^)|^<6A^,(R'^). 



To deduce (6.7), we re-write / as an integral over fij: 

1 = j (v{R{fj.*)) + R*[VViR{fx*))fi*]yflj. 

Due to ( [6^ , we conclude that V{R{fx*)) + i?*[VV(i?(/x*))/i*] < 6A 
on average, with respect to p.j. Since supp(/Xj) C Qj, there must exist 
w G flj satisfying (6.19). □ 
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Next we shall strengthen (6.19) to a uniform estimate on Qj. To do 
this, we will obtain some oscillation estimates. Since /i* < 2/i, Lemma 



6.1 provides us with growth estimates for the measure /i*. Using these 



growth properties, an application of the first part of Lemma |5.5| with 
= XR<*\n, /^* yields 



1 

+ M 



Since \ W{R{fi*))\ < 4, the adjoint oscillation estimate (5.15), applied 
with g = W{R{i^*)), yields 

osco,i?*[V^(i?(/i^))XR.\n,^1 < ^ 



+ 



M 



On the other hand, recalling the L°°{md) estimate for R{Hj) from 



(6.4), we deduce that 

osco,i?(xc,/i*) < 2\\R{xn,f^')\\L^ < C 



Similarly, applying the adjoint estimate (6.5) with g = VV"(-R(yU*)), 
we see that 

osco.i?*[Vy(i?(/x*))XQ,yt^1 < C''^'^^ 



Now note that 



and hence when combined with Lemma [6. 7[ these four oscillation esti- 
mates yield 



(6.21) V{R{fx*)){w)+R*[VV{R{fi*))fx*]{w)<6\ + Q 



35 



M''6 1 
M 



for all w G Qj. Since j was arbitrary, (6.21 ) holds for all w G supp(/i*). 

To extend the estimate (6.21) to the whole space R*^, we appeal to 
the following maximum principle, which can be found in Section 17 of 
[ENV2j . 

Proposition 6.8. |ENV2j . Let s E (d — l,d). Suppose to is a mea- 
sure with a smooth compactly supported density with respect to m2, and 
suppose g is a smooth vector field. Then 

max[V{R{oo)) + R*{guj)] 



max [V{R{u)) + R*{gu)]. 

supp(t»j) 



provided the left hand side is positive. 
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Proof. We shall give a moderately detailed proof. For a more careful 
exposition of this argument see Section 17 of |EN V2j . The key obser- 
vation is that if 1/ is a vector valued measure with C^(R'^) density with 
respect to m^, then 

(6.22) maxR*{u) = max R*{u), 

R'^ supp(i') 

provided the left hand side is positive. 

To see this, we set u = R*{v). Then we can write u as the (s — 1)- 
dimensional Riesz potential u{x) = ^ j^^z^\^p{y)dmd{y) , where 
p is the divergence of the density of u. It is immediate that supp(p) C 
supp(z/). Since u decays suitably at infinity, the density p can be re- 
covered from u by the integral operator 

(6.23) p(x) = .Py. f J'^''^- "j^l d,n,(^ 

where x is a non-zero constant depending on s and d, see for example 
|Lant IENV2j . For s < d — 1, the analogue of this inversion formula 
involves the Laplacian of u, and appears difficult to work with. This is 
the main reason for our restriction to s G (c? — 1, d). 

The decay of u at infinity ensures that should u have a positive max- 
imum, the maximum is attained and u is not constant. Now suppose 
that u attains a positive maximum at x. Then we observe that the 
integral appearing in (6.23) is non-zero. Hence x G supp(p) C supp(z/), 
and (6.22) is proved. 

To prove the proposition, write V{x) = maxt>o^\e\=i[t{e, x) — v*{t)], 
where v*{t) is the Legendre transform of v{t). Fix x G R'^ with 
V{R{lo)){x) + R*{gu){x) > 0. For some t > and unit vector e, 
we have 

V{R{uj)){x) + R*{guj){x) = R*{guj - teuj){x) - v*{t). 



Since v*{t) > 0, we see that R*{[g - te]uj){x) > 0. Hence ( |6.22[ ) guar- 
antees that R*{[g — te]oj) attains its maximum on the support of oj. We 
conclude that 

V{R{u)){x) + R*{guj){x) < max R*{[g - te]uj) - v*{t) 

supp(lj) 

< max V{R{uj)) + R*{guj), 

supp(lj) 

as required. □ 



Letting w = /x* and g = 'VV{R{iJ*)) in Proposition |6.8 we conclude 
that ( |6^ holds for all w G R*^, provided V{R{fi*))+R*[VV{R{fi*))fi*] 
has a positive maximum. However, if this is not the case then (6.21) 
holds trivially for all w G R"^. 
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6.5. The conclusion of the proof of Proposition 5.3 We are now 

in a position to bring our estimates together. 



Proof of Proposition 5.3 We begin by integrating the bo und (6.21), 
valid for all w G R'', against the function defined in (6.9). The 
result is the estimate 



(6.24) 



V{R{fx*))'^dmd+ / R*[VV{R{fj.''))fx*]'^dm^ 



< C30/i'(R' 



6A + a 



35 



W6 



e 



d+s + 



The first integral on the left hand side of (6.24) is estimated from below 
using Lemma 6^, since /x* satisfies the assumptions on the measure u. 
3 the second integral on 1 

R*[VV{R{fi*))l2*]^dmd 



To estimate the second integral on the left hand side of (6.24), we write 
(6.25) 



Rd 



R-^ 



(i^(^mrf),vr(i^(^'^)))t//x^ 



Applying the Cauchy-Schwarz inequality, we bound this expression in 
absolute value by 



(6.26) 



nl/2 



R'' 



R'* 



\VViR{fx*))\^dfx' 



nl/2 



which we claim is no greater than A^/XC^lm' . To see this, note that by 



Proposition 6.4 



/ |i?(^mrf)|^rf/i* < 2 /" \R{^md)\'^dfi<2C34m'. 
On the other hand, since <AV, it follows that 

[ \VViR{fx*'))\^dfx*' <4: [ \/(i?(/i*))d/i* < 4F(a*) < 8Am', 

JRd jRd 

and the claimed estimate follows. 

Bringing everything together, we get the following inequality: 



(6.27) 



C31 ^ J - 4^CWA < C30 ( 6A + C35 





1 ] 








) 



Let A = C36A^(m'/m)^, for a suitable small constant C36. Then if e, M, 
and b satisfy 



(6.28) 



< A, 



we arrive at a contradiction with (6.27) provided C36 was chosen small 
enough (recall here that A < Ci). As a result, either (6.18) or (6.28) 
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is false. Either way, we obtain 



V{R{fl))djl>C3e[ 



/Am' 



v m 



m — 



1 1 



m 



Appealing to the comparison estimate (|6.6|), we conclude that 



M'^'S 1 1 

Now note that an application of Holder's inequality yields 



(6.29) / ViR^-\fi'))dfi'>csJ—) m'-(C29 + l) 

In \ 171 / 



m 



> 



/i'(R 



d\5 



/i(R 



> 



7 



Hence, summing (|6.29|) over the level n Cantor cells, and recalling that 



V{x) < we deduce that 



\R^-\n')W > ^^^/i'(R'^) - (C29 + 1) 



24 



L e 



d+s 



Mi 



It remains to choose Ko 



25(C29 + 1) 



C36 



. This completes the proof. 



□ 



7. The exponential potential and capacity 



To conclude the paper, we make a brief digression into capacity. 
We shall set up a general form of non-linear capacity using Wolff's 
potentials. Suppose that $ : [0, 00) — t- [0, 00) satisfies the following 
conditions: 

(1) m = 0, 

(2) $ is continuous, and strictly increasing, 

(3) there exist positive constants a and x, such that (^{t)/t" is 
nondecreasing on (0, x]. 

We define the s-dimensional Wolff potential associated to the gauge $ 
by 



(7.1) 



>V$,,(^)(x) 



/ fi{B{x, r))\ dr 



/ r 



The s-dimensional nonlinear capacity associated to $ is defined for a 
compact set E C R'' by 

cap$^(-E') =sup{/i(-E) : supp(/i) C E, and 

W$,,(;u)(x) < 1 for all X e R^}. 

First note that the capacity is indeed s-dimensional: for A > and 
a compact set E C R*^, define XE + z = {Xe + z : e E E}. Then we 
have ca.pijy g{XE + z) = A^'cap^ ,,(i?), for any z G R'^. 



(7.2) 
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To see this, observe that if /i is an admissible measure for the capacity 
of XE + z, then the measure iy{A) = X^'^fi{XA + z) is admissible for the 
capacity of E, and vice versa. 

We now examine how the capacity changes with the size condition 
on the Wolff potential in (7.2). For A > 0, and a compact set E C R'^, 
we define 

cap|^](-E') = sup[fi{E) : supp(/i) C E, and 

W<i.,.(/i)(x) < A for all X G R'^}. 

Lemma 7.1. Suppose < A' < A. There exists a constant C = 
C{A', A, a, X, s) > 0, such that for all compact sets E C R"^, 

capi^P(E) < capi^liE) < Ccapi^P(E). 

Proof. The first inequality is trivial. To see the second inequality, sup- 
pose that cap^](i?) > 0. Let e > 0, and choose /i to be an admissible 

measure for cap^](£'), with ij{E) > (1 — £:)cap^](£'). Fix x G R'^, and 
note that 

, ^n^iB(x,r))\ f^'fi2(B(x,t))\dt , , 

Setting M = e^/^, we conclude that ^{^^^§^)< k for all r > 0. 
Using conditions (2) and (3) in the definition of we see that 



~ A L V M*r« ) r - L \\ A ) M'r' ) r ' 



Hence, (^)'^M-" /i is an admissible measure for cap^g''(-E), and 
therefore (1 - e)cap^^](E) < (^) ^e"^/^cap(^')(E). □ 

Let W{E) be the s-dimensional Hausdorff measure of a set E. The 
next result states that the capacity is a finer set function than the 
Hausdorff measure, regardless of $. 

Lemma 7.2. Suppose that E C R"^ is a compact set with 'H'^{E) < oo. 
Then cap^^ ^{E) = 0. 

Proof. Suppose that 1-L^{E) < oo, but cap,j, ^(-E') > 0. Then there exists 
a measure fj, with fi{E) > and W$,s(/i)(x) < 1 for all x G R"^. 

Let £ > be small enough so that ^~^{e) exists ($^^ here denotes 
the inverse function to $). Note that as t 0. Let p > 0, 

and consider the set Ep = {x E E : ^^^^f^ < 2''^-^{e), for all r < p}. 
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Consider a cover of E by balls Bj with radii rj < p/2, satisfying 
<W{E) + l. For each ball Bj intersecting Ep, let Xj G Bj fl Ep. 
Then Ep C [JjB{xj, 2rj), and we have 

fj^iEp) < 5^^(5(x„2r,)) < 4^$-^(e) 5^rj < A^^'^eWiE) + 1). 
i j 

To obtain a contradiction, we claim that the sets Ep increase to ex- 
haust E as p -)■ 0+. Assuming this, we have fi{E) < 'i''^~^{e){7i''{E) + 
1), and the right hand side of this inequality can be chosen to be less 
than yu(-E) for small enough e, which is absurd. 

To prove the claim, let x E E. Since >V$,<((/i)(a;) < 1, there exists 
p > small enough so that Jq'' ^{ ^^^^s'^^^ )^ < elog2. Then we have 
log2 • ^( ^(ffj" ) < £log2 for any r < p. Hence ^^^^^ < 2'^-\e) 
for any r < p, and therefore x G Ep. □ 

The next result we shall require is an elementary maximum principle 
for general potentials. 

Lemma 7.3 (Maximum Principle). For a nonnegative measure p,, de- 
note p = 2~^p. For A > 0, suppose that >V$,s(p)(a;) < A for all 
X e supp(/i). Then W$,s(/i)(x) < A for all x G R'^. 

Proof. Let 6 > 0. Suppose x ^ supp(/i). Put d = dist(x, supp(/i)). 
Then we have W$,,(p)(x) = Xr$(^^^^^)f. Let z G supp(p) be 
such that |x — 2;| < d + 6. Note that B{x,r) C B{z,2r), for any 
r > d + 6. Hence, we see that 

^( piBix,r)) Yr ^ r^(imz^\dT^^ 
Jd+5 V 2^r« J r - Jo V {2ry J r ' ' 
Since 6 > was arbitrary, it follows that VV$,s(/i)(a;) < A. □ 

We shall now work with a specific ^-capacity. Fix /3 = P{s,d) sat- 
isfying (3 > 1/a, with a > the constant of The orem Now define 
^{t) = e"^/**^. A simple consequence of Theorem |li| is that >V$,s(/i) is 
finite p almost everywhere. 

Proposition 7.4. Suppose \\R{p)\\loo < 1. Then for each e > 0, there 
exists Ai; > depending on e, s, and d, such that 

(7.3) p{{x G R"^ : W$,,(/i)(x) > A,})< £p(R'^). 

Proof. Consider the exceptional set F defined by 

F=[j {a:GR^: £({rG(0,oo):^^^^^^>2-'^})>T,}, 
fcez+ 
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wit h Tfc > to be chosen momentarily. For each k, we apply Theorem 
[TTIwith A = 2-'' and T = T^. This yields 

Now let e > 0, and suppose f3' = (3'{s, d) satisfies {3 > (3' > 1/ a. For a 
large constant C > 0, we put = exp(Ce~^/"2''^'). 

If C > is large enough (in terms of s, (3 and d), we see that 
< e/i(R'^). 

For all X G R'^\F, we have 

£({r G (0,cx)) : ^^^^^'""^^ > 2-'=})< for all k G Z+. 
Now note that W$,s(/i)(x) can be estimated from above by 

y max m ■ C{{r G (0, oo) : 2'^ > ^^^^'^^''^^ > 2-'=-n) 
kez+ — 

+ sup$(t) ■ £({r G (0, oo) : ^^^^^ > l}). 

Since is increasing, max2-(fe+i)<j<2-fc = exp(— 2'^''), and hence 
for X G R°'\F we have 

< To + J] exp(-2'='^) ■ Tfc. 

Since /3 > /3', this sum on the right hand side converges, and therefore 
>V$,s(yu)(x) < for all a; G R'^\F. □ 

The s-dimensional Calderon-Zygmund capacity of a compact set E 
is defined by 

-fs{E) = sup{/i(^) : /i G A^+(R'^), supp(/i) C E, ||i?(/i)|U- < l}- 
A well-known conjecture is the following (see |ENVlt [Tolj ): 

Conjecture. Suppose that d > 2 and < s < d, s^N. There exist 
positive constants Ai and A2, depending on s and d, such that for every 
compact set E C R'^, 

(7.4) cap^,,(E) < 7s(^) < ^ cap^,.(^), 

with $(t) = t^. 

In the literature, the capacity cap.^, ,,(i?), with $(t) = is often 
denoted by cap2(.^_^j 3 (_E), see for example |AHj . 
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The conjecture above has been proven for s G (0, 1) by Mateu, Prat 
and Verdera |MP V] . Recently, an analogue has been proven for s = 
by Adams and Eiderman |AE] . Both of these papers use curvature 
methods in order to prove their results, a technique which appears 
absent when s > 1, see |Far] . Any such estimate is false for integer s, 
which can be seen by considering a smooth s-dimensional submanifold 
E C R'^, with W{E) < oo. (Here 7,(E) > 0, but cap$ = 0.) 

In |ENV1] . a symmetrization of the kernel in the Riesz transform is 



used to obtain the lower bound in (7.4) for all < s < d. It is therefore 



the upper bound which remains open. 



Now suppose s G (rf — l,d). Using Proposition 7.4, we will see 



that the upper bound in (7.4) holds if one replaces $(t) = with the 
potential function ^{t) = e"^/*''. Although a long way from the optimal 
result, it appears to be the first such bound outside the curvature range. 

Proposition 7.5. Suppose s E {d — l,d), and $(t) = e"^/**^. There is 
a constant C > such that 

(7.5) ls{E) < C cap^ ^{E) for all compact sets E C R*^. 

Proof. Suppose 7s (-E) = t > 0, since otherwise the inequality is trivial. 
There exists a measure supported on E such that /i(-E) > 3t/4 and 



||-R(/^)||l°° < 1- By Proposition 7.4, there exists A> 1, depending on 



s and d, such that /i({a; G R'^ : W$,s(/i)(x) > A])< 

Define now E = E E : >V$,s(/i)(a;) < A}, and let uj = Xe^^. 
Then uj{E) > t/2, and W<i.,s(u;)(x) < A for all x G supp((X'). If a) = 
2~''w, then the maximum principle implies that W$,s(d)) (x) < A for all 



X G R'^. Hence cap|^](i^^) > and applying Lemma 7.1 completes 
the proof. □ 

Let s G ((i— 1, d), and let E C R'' be a compact set with Wi^E) < oo. 
An immediate consequence of Lemma 7^ and Proposition |7.5| is that 



7s(£') = 0. This result is essentially equivalent to the main theorem of 
|ENV2j . 
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